Statistical tests for Hardy-Weinberg equilibrium are important elementary tools in genetic data analysis. X-chromosomal variants have long been tested by applying autosomal test procedures to females only, and gender is usually not considered when testing autosomal variants for equilibrium. Recently, we proposed specific Xchromosomal exact test procedures for bi-allelic variants that include the hemizygous males, as well as autosomal tests that consider gender. In this study, we present the extension of the previous work for variants with multiple alleles. A full enumeration algorithm is used for the exact calculations of tri-allelic variants. For variants with many alternate alleles, we use a permutation test. Some empirical examples with data from the 1,000 genomes project are discussed. 
proposed a method for faster generation of permuted data sets. Engels (2009) achieved speed improvements in exact calculations using network algorithms. However, multi-allelic exact test procedures that account for gender, both for the X chromosome and for the autosomes, are currently not available. In this contribution, we give the extension of our previous results (Graffelman & Weir, 2016 for the case of multiple alleles. We propose an exact procedure that is a straightforward extension of the probability density given by Levene (1949) . The structure of the paper is as follows.
In Section 2, we derive the multi-allelic exact tests that account for gender. In Section 3, we discuss a small artificial example to illustrate the calculations with complete enumeration for the tri-allelic case. We use permutation methods for estimating exact p-values for variants with larger numbers of alleles. Section 4 gives some empirical examples with tri-and multi-allelic indels and SNVs taken from the 1,000 Genomes project (The 1000 Genomes project Consortium, 2015) . A discussion (Section 5) finishes the study.
| THEORY
We briefly review multi-allelic autosomal exact inference as developed by Levene (1949) and proceed to derive the probability densities that account for gender for both autosomal and X-chromosomal variants.
We consider a variant with k alleles a 1 , a 2 , . . ., a k , and let n i represent the total sample count of the ith allele, with i = 1, . . ., k. If the sexes are not distinguished, we use n ij with i ≥ j to refer to the total number of a i a j genotypes, including males and females. Thus, n ii refers to a homozygote a i a i , whereas n ij with i > j refers to a heterozygote a i a j . We generally represent the data in a lower triangular matrix as shown in Table 1 .
We let n represent the sample size (number of individuals) and n t the total number of alleles, with n t = 2n in the autosomal case.
For X-chromosomal exact procedures that distinguish gender, we let n mi be the observed number of hemizygous males with genotype a i , such that the number of males n m is given by n m ¼ P k i¼1 n mi , and we use n fij to represent the female genotype counts. The total sample size is given by n = n m + n f , and the total number of alleles is given by n t = n m + 2n f . The data are now represented by a vector for males, and a triangular matrix for females, as shown in Table 2 .
Finally, for autosomal procedures that take gender into account, we let n fij be the observed number of female a i a j genotypes, with P k i¼1 n fii being the total female homozygote count and P i [ j n fij the total female heterozygote count. The number of females n f is then given by n f ¼ P k i ! j n fij . The obvious analogous quantities for males are n mij and n m . The total number of alleles is given by n t = 2(n m + n f ), and the data are now represented by two triangular matrices as shown in Table 3 .
| Classical autosomal exact inference
Exact inference for autosomal variants with multiple alleles is based on the conditional distribution of the genotype counts, considering all observed allele counts as given. This distribution was derived by Levene (1949) and is given by
where h ¼ P i [ j n ij is the total heterozygote frequency. We rederive Levene's density, but taking gender into account, for the X chromosome in Section 2.2, and for the autosomes in Section 2.3.
| X-chromosomal exact inference with gender
We condition on the numbers of males (n m ) and females (n f ). Under the hypothesis of Hardy-Weinberg equilibrium in females and equality of allele frequencies in the sexes, the distribution of the genotype counts is given by
where h ¼ P i [ j n fij is the total female heterozygote count, and p i the relative frequency of the ith allele. Under HWP and EAF, the allele counts N i follow a multinomial distribution given by
T A B L E 1 Lower triangular matrix layout for autosomal genotype counts T A B L E 2 Layout of X-chromosomal genotype counts for males (vector) and females (lower triangular matrix)
The conditional distribution of the genotype counts given the allele counts is obtained by dividing Equation (2) by (3), and is given by:
We note that if the male allele and genotype counts are set to zero, then (4) reduces to Levene's density (1), but applied to the females only. We also note that if counts involving alleles beyond the second one (i, j > 2) are set to zero, the Graffelman-Weir density (2016) for the bi-allelic case is obtained.
| Autosomal exact inference with gender
We again condition on the number of males (n m ) and females (n f ).
Under the hypothesis of Hardy-Weinberg equilibrium and equality of allele frequencies in the sexes, the distribution of the genotype counts is given by
where h is total number of heterozygotes h ¼
The distribution of the allele counts is again given by the multinomial distribution. Dividing (5) by (3) we obtain the conditional density
which can be used for exact inference for HWP while accounting for gender. In the remainder, we will generally refer to the exact tests based on Equations (4) and (6), which have a composite null hypothesis, HWP and EAF, as omnibus exact tests.
| ARTIFICIAL DATA EXAMPLE
In this Section, we discuss an artificial data example to illustrate the calculations of an X-chromosomal multi-allelic exact test that takes sex into account. To calculate the p-value of the test, we use an algorithm that enumerates all possible outcomes. For this purpose, we extend the algorithm described by Louis and Dempster (1987) . The algorithm has input parameters n A , n B , n C , n m and n f , and assumes n A ≤ n B ≤ n C , and it proceeds by first assigning the maximum possible amount of minor A alleles to males, and then assigns the remaining alleles to the females. All possible outcomes for the female genotype counts are generated by the Louis-Dempster algorithm. We note that the overall minor allele does not necessarily coincide with the minor allele in females. For this reason, alleles allocated to females are first sorted and later relabelled to ensure consistency with the original labelling of the alleles. The algorithm is readily extended for additional alleles. Each additional allele implies two extra for loops, one for the male genotypes and another one for the female genotypes. Table 4 shows all possible outcomes for an observed sample with genotype counts (A = 2,
consisting of 10 individuals (six males and four females) with allele counts A = 3, B = 5 and C = 6. The samples are ordered as they are produced by the algorithm. Table 4 shows how initially all three minor A alleles are first assigned to A males, leaving 6 -3 = 3 second minor B alleles for B males and 0 C alleles for C males. This leaves 0 A, 2 B and 6 C alleles to be assigned to females. All outcomes for females with these allele counts are generated by the Louis-Dempster algorithm. Next, the number of minor B alleles in males is decreased by one, and the number of C males increased by 1. This continues till all possible male genotype counts are exhausted. For each possible set of male genotype counts, the remaining alleles are assigned to females, in all possible ways, so creating repeated entries of the male genotype counts in the table.
Note that even for a small sample of 10 individuals, 75 outcomes are possible. If sex would have been ignored, then there would be only 1 A, 3 B and 4 C to be assigned to females, and only four outcomes are possible.
A similar enumeration algorithm can be used for an autosomal exact test that accounts for gender. In the tri-allelic case, one can first generate all possible outcomes for the male A, B
and C allele counts, given the observed number of A, B and C As the example shows, many tied outcomes that have the same probability arise. The observed sample (row 15) has probability 0.05138. The sum of the probabilities of all samples equally or less likely gives the p-value of the test: .86299. Graffelman and Moreno (2013) have advocated the mid-p-value (half the probability of the observed data plus the sum of the probabilities of all extremer samples) which for this example is .83731, and HWP cannot be rejected for this example. If, as has been the standard practice, HWP are tested by an exact test of the females only, then the test is not significant either (p = 1.00000). We note that sample 18 is a tied outcome whose probability is included in the sum that makes up the pvalue.
| EMPIRICAL D ATA EXAMPLES
We use data from the Japanese (JPT) sample of the 1,000 Genomes project to illustrate our results. This sample consists of 56 males and 48 females. Data stored in variant call format (VCF) was downloaded from the 1,000 Genomes project (http://www.
internationalgenome.org). Statistical analysis was carried out in the R environment (R Core Team, 2014) . VCF files were processed in R with the VCFR package (Knaus & Gr€ unwald, 2017) .
We analyse multi-allelic X-chromosomal variants in Section 4.1 and autosomal variants from chromosome 7 in Section 4.2.
| X-chromosomal variants
We extracted multi-allelic variants of the X chromosome of the JPT sample. Multi-allelic variants on X are rare. Of all 3.5 M variants, 87.57% were monomorphic, 12.32% were bi-allelic, 0.10% were triallelic, and 0.01% had four or more alleles. We consider some examples of tri-allelic X-chromosomal variants. Variant rs373113553 is highly polymorphic. There is no significant difference in allele frequencies between the sexes. Disequilibrium is due to a lack of AB heterozygotes.
We proceed to analyse all 2,979 tri-allelic X-chromosomal variants found and represent them using four plots represented in We finish the analysis of the multi-allelic variants on the X chromosome with a few examples involving more than three alleles. The genotype counts of a four, five, six and seven allelic indel on chromosome X are shown in Table 6 .
The results of several statistical tests with these multi-allelic indels are shown in Table 7 The five-allelic variant (which has no rs identifier) is significant for all three tests, indicating both differences in allele frequencies and deviation from Hardy-Weinberg proportions. Its reference allele a 1 is the most common allele in males, whereas the main alternate allele a 2 is twice as frequent in females. The variant has a very high observed heterozygosity (H o = 0.896), whereas its expected heterozygosity, H e , is 0.647. The results suggest that the variant has some kind of genotyping problem. If the single rare a 4 allele is eliminated from the sample, similar conclusions are reached (HWP & EAF p-value = .0003; HWP p-value = .0003; EAF p-value = .0197).
The six allelic variant rs60184331 is nonsignificant in all tests.
This variant has three rare alleles (a 3 , a 5 and a 6 ). If these are ignored, a tri-allelic variant remains, for which equality of allele frequencies holds, but evidence for deviation from HWP in females is found (HWP & EAF p-value = .1110; HWP (F) p-value = .0455; EAF pvalue = .6102).
Variant rs59130472 with seven alleles shows evidence for deviation from HWP in females. This variant has four rare alleles that mostly occur in only one of the sexes (a 2 , a 3 , a 4 , a 6 and a 7 ). If these T A B L E 7 p-values of statistical tests for multi-allelic indels on chromosome X 
| Autosomal variants
We extracted multi-allelic variants of chromosome 7 of the JPT sample of the 1,000 genomes project to illustrate the autosomal tests developed in Section 2.3. We used chromosome 7 because its size is similar to that of the X chromosome considered in the previous section. Multi-allelic variants on chromosome 7 are also rare. Of all 4.7 M variants, 84.81% were monomorphic, 15.12% were bi-allelic, 0.06% were tri-allelic and 0.004% had four or more alleles. Chromosome 7 has a larger percentage of bi-allelic variants than chromosome X. We consider a few examples of tri-allelic variants. Table 8 shows genotype counts and p-values of exact tests for six tri-allelic variants. These variants are registered as indels or SNVs that have at least two alternate alleles. The p-value of the omnibus exact test was in all cases estimated by a permutation procedure with 20,000 draws, to avoid the computational burden of the complete enumeration algorithm for autosomal variants. This gives an estimate of the p-value that is within .01 units of its true value with 99% confidence (Guo & Thompson, 1992) . Standard HWP exact tests for all individuals and for males and females separately were carried out with a complete enumeration algorithm in the tri-allelic case (Louis & Dempster, 1987) , and with a network algorithm for variants with more than three alleles (Engels, 2009 Variant rs3863236 is significant in the omnibus test for HWP & EAF, but nonsignificant in a standard test for HWP. There is no evidence for differences of allele frequencies in the sexes, but males deviate significantly from HWP. In this case, the joint tests reveal this, as it assumes HWP in both sexes. This variant also shows signs of attenuation of evidence for the standard exact test for HWP. The standard p-value of a test for HWP is larger than the p-values of the separate tests in males and females, despite the fact that this test has more power due to a doubled sample size. In this case for males, there are fewer heterozygotes than expected, whereas for females there are more heterozygotes than expected.
We continue to study all 2,992 tri-allelic variants on chromosome 7 simultaneously. Figure 3 shows some graphics summarizing these variants. Figure 3a shows that tri-allelics do occur all along chromosome 7 and that disequilibrium mostly arises from an excess of heterozygotes. We note that due to the use of the permutation test, the p-values are bounded above by Àlog 10 (1/20,000) = 4.3. For variants that had no permuted samples with smaller probabilities than the observed sample, the permutation p-value was set to this limit.
Some of the tri-allelic variants apparently do have a p-value smaller than the Bonferroni limit, but this would become visible only at a greatly increased computational cost. The limit on the number of permutations also explains the truncation observed in the QQ-plot at 4.3 in Figure 3b . Like the X-chromosomal tri-allelics previously studied in Section 4.1, the observed heterozygosity is often larger than the expected heterozygosity, with 68% of the variants are above the line y = x, showing that the tri-allelics on chromosome 7 are also characterized by a general excess of heterozygosity. Figure 3c also shows that variants with extreme observed heterozygosities often have significant differences in allele frequencies between the sexes.
We finish the analysis of chromosome 7 with a few examples of variants that have more than three alleles. Genotype counts of four, five and six allelic variants are given, stratified by sex, in Table 9 .
The different test results for these variants are given in Table 10 .
The first variant in this table (without RS identifier) has four alleles.
Almost all alleles occur in heterozygotes. Homozygotes for the reference allele (a 1 ) are missing. There is a very strong heterozygote excess, and consequently, all exact tests except the one for EAF are highly significant. The results suggest this variant has genotyping problems.
Variant rs145685769 is consistently nonsignificant in all exact tests applied, and therefore seems compatible with HW proportions and equality of allele frequencies in the sexes.
Variant rs71774128 is significant in all exact HWP tests. This variant has a heterozygosity that is larger than expected under HWP, both for males and females. 
| DISCUSSION
In this study, we have developed exact test procedures for HWP that take gender into account, for variants with multiple alleles. We have illustrated these procedures with indels, although they are equally relevant for microsatellites which are widely used in molecular ecology.
In the case of X-chromosomal variants, it seems compelling to use sex in the analysis. If, as has been common practice until recently, only the data from the females are used, then the number of X chromosomes in the sample will decrease by one-third. Consequently, estimates of allele frequencies will be less precise, to the detriment of all the statistical analyses that follow. Moreover, as we have pointed out previously (Graffelman & Weir, 2016) , null alleles can go undetected in heterozygote form in females, but show up in males. For the X chromosome, a test that accounts for sex, and tests HWP and EAF jointly, therefore seems an attractive option.
For the autosomes, taking gender into account seems a priori, not necessary, and the standard practice is to use the total genotype counts in tests for HWP. There is no loss of data by not considering sex in this case. However, as the examples in Section 4.2 show, unexpected genotype count patterns are sometimes detected if gender is considered. Such patterns may represent chance effects or may be the result of some genotyping problem. It therefore seems sensible to at least use tests for equality of allele frequencies in the sexes as part of the quality control process. We do not suggest replacing the standard autosomal exact test for HWP, widely used in quality control, by the proposed exact procedures that take sex into account. However, we do suggest that significant autosomal GWAS findings could be checked for unexpected patterns by the autosomal procedures proposed in this study.
For bi-allelic variants, it is well known that the classical chisquare test is problematic at low minor allele frequencies, due to low expected counts for the minor homozygote. For variants with multiple alleles, the asymptotic chi-square test is even more problematic, because typically some of the alleles have low frequencies.
Taking gender into account in tests for HWP with multiple alleles further aggravates the sparseness problem, making it even more difficult to apply chi-square tests that rely on asymptotic results. Given a fixed total sample size, if one wishes to account for gender, this implies k extra categories in the X-chromosomal case, whereas it doubles the number categories for the autosomal case, and inevitably more categories with lower counts appear. Exact procedures are therefore indicated in this setting. HardyWeinberg (Graffelman, 2015) . Accounting for gender for variants with multiple alleles augments the number of possible outcomes for the exact test and implies an increase of the computational burden with respect to the standard procedures that do not take gender into consideration. All computational improvements that have been proposed for multiple alleles such as Huber's et al. (2006) faster generation of permutations, the Markov chain approach from Guo and Thompson (1992) and the network algorithm of Engels (2009) could be used to reduce the amount of computation involved, but are left unexplored here. Most of the variants of the 1,000 Genomes project are bi-allelic, and for tri-allelics, the enumeration algorithm was feasible for the studied sample size. The computational burden depends on the distribution of the allele counts. Often, alleles beyond the most frequent alternate allele are rare, and for these cases, not much extra computation is required. In the case of uniformly distributed allele counts (with close to maximal expected heterozygosity), the number of possible outcomes is much larger, and this increases the computational cost of the enumeration algorithm. With the current implementation in R, it took 17.4 hrs to analyse all 2,979 tri-allelic X-chromosomal variants by complete enumeration on our local Linux compute cluster, on compute nodes with Intel Xeon E5520 processors (2.27 GHz), and it took 97.8 hrs to analyse all 2,992 tri-allelic autosomal variants on chromosome 7
by a permutation test with 20,000 draws. We expect that large computational gains can be achieved using the aforementioned computational improvements and by re-programming the algorithms in the C++ computer language.
In the exact test with multiple alleles, tied outcomes (with the same probability) can easily arise (see the example in scale, against which the probability of the observed sample can be compared. The numerical problems with ties can be addressed using a higher precision, albeit at a higher computational cost (Maechler, 2016) .
The analysis of tri-allelic variants of the JPT data shows that deviation from HWP is often due to an excess of heterozygotes, both for the X chromosome and for chromosome 7. This has also been described for the far more common bi-allelic variants (Graffelman, Jain, & Weir, 2017) and was postulated to be a consequence of polymorphism duplication. The analysis of the tri-allelics also reveals that HWD often goes together with a difference in allele frequencies between the sexes.
Some of the autosomal examples in the study show that in a standard exact test for HWP, attenuation of evidence for HWD can occur if one sex has a deficiency of heterozygotes, whereas the other sex has an excess. Such opposing heterozygosities can average out, such that disequilibrium goes unnoticed when sex is not considered. The proposed omnibus test seems able to detect these cases.
| SOFTWARE
Some functions capable of testing HWE and EAF for multiple alleles while accounting for gender have been written for the statistical environment R (R Core Team, 2014) and have been included in version 1.5.9 of the R package HardyWeinberg (Graffelman, 2015 
